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COMMENTS FOLLOWING DR. HQUGEN’S PAPER

RELATIONSHIP BETWEEN THE FEASIBLE
GROUP AND THE POINT GROUP Ct”

A RIGID MOLECULE

J. D. LOUCK+

Group T-7, Theoretical Division
Los Alamos Scientific Laboratory
Los Alamos, New Mexico 87545, USA

ABSTRACT

The r81e of the point group in conven-
tional rigid molecule theory is reviewed and its
relationship to the feasible group discussed.

tWork performed under the auspices of the USERDA.
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It is very important to understand the relationship between

the feasible group of a rigid molecule as discussed in Dr. ilougen’s

talk and the conventional point group of the molecule. It is my belief

that neither of these groups is more fundamental than the other, that’

both concepts generalize to nonrigid molecules, and that both groups

{as well as others) are important in the study of molecular models.

This viewpoint will be defended here only for rigid molecules, and in

such a way as to complement Dr. Hougen’s presentation.

The viewpoint I shall pz.ssentis the conventional one and

is developed, for example, ili the article by Wilson and Howard (1) and

in the book by Wilson, Decius, and Cross (2). I shall, however, empha-

size throughout this talk the r61es of the point group and of the mov-

ing frame. My colleague, Harold W. Galbraith, and I have developed

these details elsewhere (Refs. 3,4), but I believe it to be useful to

review again the more essential features of this approach. I shall

focus on t~o aspects of the description of a rigid molecule: (i) the

description of the static model (equilibriumconfiguration) of a mole-

cule; and (ii) the description of the motion of the dynamical model of

the molecule in space-time.

Consider first the description of the static model (the dumbbell

model made up of rods and spheres). The static model will be described

in a laboratory frame L with basis vectors (~1,~2,;3) (a right-handed

triad of perpendicular unit vectoro) which is a principal axes system

located at the center of mass. Lot A denote the set of vectors

A= {~ala= 1,2,...,N ?, (1)

where ~“ is the posit~on vector from the origin of L to the point where

the aton,labelled by a is located. Each vector ;a may be expressed re-

lative to the frame L as

+aa -a~i1+a~z2+aai 3 3’
(2)

where (a;, a;, a:) are specified real numbers.

Consider next the partitioning of A corresponding to sets of

identical particles. Let ~k denote the subset of ~ C>nb~SthCj of posi-

tion vector.eof identical particlea of “type k“. Then A may be written

as the union of the clisjointsubsets { AklkCK}, where K is a set index-

ing the distinct types of atoms:

A-uA , (3)
kk
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we now z the point group G of a molecule with static model

A:

G = { RI!IcGand R: Ak + Ak, each kcK?, (4)

where 0 denotes the group of rotation-inversions of the space R3

[Euclidean 3-space with points (xl, X2, X3) which we will describe us-

ing the frame L].

We shall use the notation g to denote an element of the point

group G.

There are two representations of the group G which play a

significant r;le in this presentation:

(i) The representation of a proper rotation g as a linear

transformation of the points of R3. In vector notation, we have

g: R3-?R3

where g is a positive rotation (right-hand ~crew rule) by angle $ about

the direction specified by the unit vector n as determir~edfrom g = REG.

g may also be represented by the 3x3 proper orthogonal matrix with ele-

ment in row i and column j given by

(6)

The inversion 1 of the epace R3 is defined by 1 ; = - ; and is

represented by - 13~ where 13 denotes the 3x3 unit matrix.

(ii) The representation of g as a linear transformation on

the elements of the set A. We may write

gaA+A (7)

[t%2...iN] + [3132...*NI P(g),

where we have ordered the elements of A and placed them in a lxN row

vector. P(g) is then an NxN permutation matrix.

Observe that the group multiplication proportiee are satiafied:



R(g’)R(g) = R(g’g) ,

P(9’)P(9) = P(g’g) ,

for all g,g’c G. Thus, the two correspondences

g+ R(g) andg+P(g), each gcG,

are representations of the point group G.

If we denote by A the 3xtlmatrix

al 2

[1
lal “’” a:

A= 12 N
a2a2 ““” a2 ‘

12 N
a3 a3 0“” a3

(8)

(9)

(lo)

then A intertvinea the representations { P(g)lg c G}, that is,

R(g) A= A P(g), each 5 E G. (11)

Relation (11) da the key ~eault obta{ned from the a~:atio model of a

rigid moleoule.

Consider next the model for the motion of the molecule in

space-time. Intuitively, we have in mind the following situation. We

imagine that the rigid framework translates and rotates in space and

that the atoms execute small oscillatory motions in the neighborhood of

the (moving)equilibrium points. ‘Thisintuitive picture for a set of

motions of N particles corresponds to our conception of the motions

(based on empirical knowledge) of what is today called a “rigid” mole-.

cule. There are sufficiently many molecules of the “rigid type” to

justify a careful development of such a model. [A phenomenological

model of a molecule such as this one clearly ignores many aspects of a

‘real molcculetn and one does not expect the model to have general

validity - the model is designed specifically for the description of

vibration-rotationmotions of the atoms, and even then for a limited

energy domain.]

Even after settling on the model above, there are still many

approaches that one might US9 to formulate a description of the motions.

Let us continue the intuitive discussion The use of a moving reference

frame is suggested if one wishes to obtain a Hamiltonian for the system

which, for motions in the neighborhood of the equilibrium configuration,



has the approximate form

TcM.+IiR+~t.

4

(12)

‘here‘C. M. is the kinetic energy of the center of mass, HR the rota-

tional energy, and Hv a Hamiltonian term for the kinetic and potential

energies of the small motions near equilibrium. Intuition suggests the

following forms for HR and Hv:

3N-6

*

/2 .

(13)

In the definitio~ of HR, the symbol Ji (i=l,2,3) denotes the

component of the totcl angular momentum ?lalong the i-th axis of the

moving frame; Ii iF the principal iwrnent of inertia of the equilibrium

configuration about the i-th axis of the moving frame. (We choose the

moving frame to coincide with a principal axis system when the atoms &re

located at their equilibriu,apoints.) in the definition of ~, the

symbol qp(~=l,2,.... 3N-6) denotes a normal coordinate, Pu its conjugate

linear momentum, and Uv the frequency of the u-th normal mode of oscilla-

tion. (The normal mode analysis of the vibrational motion may be

carried out on the non-rotating molecule by several available methods.)

Let us next consider how one may give a precise formulation

of the approach outlined above.

The first problem which must be solved is that of finding an

appropriate moving reference frame. Eckart !5) solved tl.s problem by

impvsing two conditions on the moving frame:

(i) Ca8imi~’8 cond{t{ov. In the limit of vanishing

displacements away from the equilibrium configuration, the Coriolis

interaction between rotation and internal motions should be zero.

(ii) Linearity of internal coordinate. The internal degrees of

freedom should be described by coordinates which are linear combinations

(with fixed numerical coefficients) of the components of the displace-

ment away from equilibrium where the components are referred to the

mnving frame.

The necond condition is imposed to assure that the normal

coordinated calculated for the non-rotating molecule can be carried

over, ~{thou~ ohange, to the rotating, vibrating molecule.

[We have gone to thatrouble of briefly discussing the

elementary (and etandard) results above because the h’okart frame is
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the key concept for understanding the r61e of the point group G in the

molecular motions problem for rigid molecules.]

The explicit construction of the Eckart frame may be given

in the following manner: (i) Introduce the three vectors $i defined by

(14)

+Cl .where x 1s the instantaneous position vector of atom a in the labora-

t~ry.fr~me L. (ii) Define a triad of unit perpendicular vectors

(fl,f2,f3)by

(15)

where F denotes the symmetric Gram matrix with elements F. . = Fi*Fj.

[We assume that $1,$2,$3 are linearly independent so that~$ is positive

definite; F-l” is then, by definition, the positive definite matrix
-1/2 ~-1/2 = ~-1 AA

such that F .] The three vectors (~1,f2,f3) then define

a moving frame F such that conditions (i) and (ii) above are satisfied.

Observe that the Eckart vectors depend implicitly on the

particle position vectors P. If we denote this result by writing

;4(;l,...,ZN), then one easily verifies from Eqs. (14) and (15) that
A

;i (l&l,....R.N) = (R;i)(~l,...,~N), each

;i(:l + :,...,#J+ :) +N)= Z~{Z1,...,X for
+
a.

Thus, under an arbitrary rotation-inversion R

RcG, (1()

arbitrary translations

(17)

of the molecule, the

Eckart frame undergoes the same rotation-inversion. Under an arbitrary

translation of the molecule, the Eckart frame ie invariant. (It is this

second property which allows us to consider that the Eckart frame is

located at the center of mase of the moving molecule.)

Now that the moving reference frame F is defined (we consider

only nonplanar molecules he”.e),we may determine the transformation from

the Cartesian coordinate ~a = ~a”ti relative to the laboratory frame

to “molecular coordinates.’” The poeition vector of atom a is given by

where

(i) fiie the inetantaneous center of

(ii) & is the pocitioa vector of the

of atom a relative to the center

(18)

mass vector;

moving equilibrium point

of mass and of the form



(19)

when referred to the mo~ing Eckart frame;

(iii) ~a is ihe displacement vector of atom a from

the equilibrium point % + $a.

There are six conditions imposed on the displacement vectors

{ ;a}:

ECenter of mass condition: ma~a = ~, (20)
a

&
Eckart conditions: ma ~a x ~a = ~. 121)

[The second set of conditions results from an easily proved

relation between the Eckart frame vectors ~i and the ~i:

Eqs.

Let us call a set of vectors { ~ala = 1,...,N} which sa~isfiesAA
(20)and (21) a set di8pzacement vectors for the frame (fl,f2,f3).

It is convenient to reformulate Eqs. (20) and (21) in the form:

z
+a +a

a ‘i”P
= O, (i= 1,2,3), (2~’)

z +a +a
a ‘i*p

= o, (i = 4,5,6), (21’)

where

(22)

for i = 1,2,3. Observe that the vectors in the set { ~~lt = 1,...,6}

satisfy the orthogonality relations:

z
m-~+a +a
~ Sr”St = 6rt .

a (23)

It is always possible (in infinitely many ways) to find

additional vectors ~a P = 1,2,...,36,6, such that the 3N vectors inN+6‘
the set

{~:lt= 1,...,3N} (24)

satisfy the orthogonality relations

z~ m~lZ~”J~ = drt. (25)

Furthermore, all ‘rectors~~ may be chosen to have nume~ieal oom-

ponenta relative to the Eckart frame, that is,
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s ;a*i?~,i t i
= real numerical constant . (26)

These results all follow from the fact that it is possible

to construct a 3Nx3N orthogonal matrix with numerical entries

in infinitely many ways when only the first six rows are

specified (numerical)row vectors (N > 3).

The principal result obtained from the,above analysis is: The

rotation-inversion <nvar<ante defined by

xQv- a~;+6*?a , IJ= 1,2,...,36-6

span the 3N-6 dimensional apace of the internal coordinate.

[We use the term “span” here in the sense that each internal

(27)

coordinate

of the form ~ = ~ ~a”?a , ~a a triple of real numbers, has the form

6=8 EPQV.‘Urthemore’; apQp=Eb~Qu‘mpl:esau=bl””]Using Eqs. (20’), (21 ) and (25), we may Invert Eq. (27) to

obtain

*a
P

-l~;a *=m au IJ+6 I.I. (28)

Taking components of Eq. (18) relative to the laboratory

frame, we obtain the transformation:

(29)

For each choice of the vectors ;Up+6(~=l~”””~3N-6)f ‘qs” (29)
define an explicit transformation from the 3N Cartesian coordinates

{ x: ] to the 3N coordinates

Ri(i = 1,2,3); C (containing 3 independent coordinates);

Q= {QVIJJ= 1,...,36}6} . (30)

Furthermore, the transformation (29) is invertible for those

values of the { x:} for which the Eckart frame construction exists

(det F# O).

This completes the construction of the dynamical molecular model.

Using the transformation (29) the classical Hamiltonian

and

may

1X m (ia)2 + V(X~)
‘=Za,i a i

the quantum mechanical Hamiltonian

H
.-&la_2

up
()

2 u ~x: + V(x:)

(31)

(32)

be transformed unambiguously to the 3N molecular coordinates (30)
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(confer Ref. 4). Furthermore, when the potential energy is approximat-

ed by a quadratic form in the internal coordinates’{ QV}, one obtains

from Eqs. (31) and (32) approximate Hamiltonians of the forms (13).

We are now in a position to state the r61e of the point group

G in the dynamical molecular model. We first define the action of the

group G on a generic set Y = {~ala= 1,2,...,N} of instantaneous posi-

tion vectors relative to the center of mass: ~a E ~a - %. Consider the

set of linear operators

L(G) = {Lglg c G} , (33)

where L : Y + Z is the linear mapping of a set Y of instantaneous posi-

tion ve%ors (relative to the center of mass) onto a second set Z of

instantaneous position vectors (relative to the center of mass) given

in which

(i) 0 (9)

= Lg$a =x (9F~)PaB(9)
B

g c G} is the NxN permutation matrix representa-

(34)

tion (7) of G;

(ii) g?$ is the linear transformation defined for an arbitrary

vector ~ by

(35)

where {R(g)Ig s G} is the 3x3 orthogonal matrix repre-

~entation (6) of G, and the Eckart frame vectors

fi (i = ~i2,3) ~Ne those cor~espo~din~lto position

vectorsy ,...,y , that is, ~;i= fi [y ,...ty ).+N

Observe that g~a”g~O = ~ag~$ so that g is a rotation-
hrersion and that gl(g~) = (glg)~.

- alternative expression for the transformation (34) in terrg. 6
of the components ~aefi and (L ~a)●fi relative to the Eckart franle

vectors ;i = ii (;l?...*~N) isg

(Lg~a)*:i= Z [p(g)@ R(g)]\i;6j ~“~j ,
B,j

(36)

where P(g) @ R(g) is the (matrix) direct product of P(g) with R(g) and

[p(g) @R(g)]ai7Ej = paB(g) Rij(g) denotes the ~lement of p(9) @ E(9)

in row ai and column 13j.
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The operators {Lglg c G? satisfv the following relations:

(i) Lgl(Lg~a) = Lgjg?a for arbitrary $a;

(ii) Lg;a=;a, a = 1,2,...,N ; (37)

(iii) Lg~i = ;i , i = 1,2,3,

where

The proofs of these relations are straightforward and may be found in

Ref. 3.

Equation (i) means that the correspondence g + Lg is a 2ineav

repreaentat<on of G; Eq. (ii) meai~s that G is an {sotropy group of the

set of vectors {Zala = 1,...,N) which define the static model [Eq. (11)

for the static model provides the proof of (ii)]; and Eq. (iii) means

that the Eckart frame is invar{ant under the action Lg of G.

Equations (37) are the key relations for e8tabli6h;-:a ;;.’” r~le

of the po<nt group in the dgnam;cal molecular model.

A principal result is: The g~oup of operatorn

L(G) = {Lglg c G} (38)

may be used to split the space of internal coordinates into 8ubspace8

uh$ch transform izweducibly uncle? L(G).

Proof. Let {~a} denote any set of displacement vectors forAA
the frame (~l,f2,f3). Since Lg~a = ~a + Lg~u, 5.tfollows that the set

of vectors

{Lg~ala= 1,2,...,N] ‘ (39)

A
is also a set of displacement vectors for the frame (~i,~2,f3).

Now choose any basis set {Qplu = 1,...,36}6} for the internal

coordinates [cf. Eqs. (24)-(28)1. S“.nce

we find

LgQM = x ,;a
p+6 “ (Lg;a) = ~MPv(g)Qv#

a v

where

MuV(g) = z -1 a
‘$

s:+6,j [P(g) @R(g) ]ai:Bj ●

ai6j ‘1.I+6,i

(40)

(41)

(42)
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The properties (i) L IL = L J
99

g g (group property) and (ii)

Za Q = ~ bUQu implies au = bu (basis property) together imply that
Yvu
the set of matrices (dimension3N-6)

{M(g)lg E G} (43)

is a representation of G. The complete reduction of this representation

into irreducible representations of G then defines internal coordinates

of the form

~~ =~al’ Q
u yll V’ y

= 1,2,...,dim l’,

which are transformed according to irreducible

under the action La of G.

(44)

representation r of G

We see from t;e above that the group of operators L(G) solves

fully the problem of classifying the internal coordinates according to

their transformation properties under the irreducible representa.tions

of the point group G.

Let us next consider the r~le of the permutation group in

the molecular model. The Schrodinger equation for a molecule (point

atoms + point electrons + Coulomb interactions) is invariant under any

permutation of the coordinates of identical particles. The model of a

molecule which we have described will, in general, not be invariant

under all permutations of identical atoms; this is because the qeneral

permutational symmetry may be broken by the choice of a phenomenologicul

potential energy func+{on which, in principle, allows one to distinguish

spatially,in a finite time, between atoms that would otherwise be called

identical. Said somewhat differently, the form of the phenomenological

potential energy function might not admit tunneling effects, hence, no

tu!!nelingwill bs predicted by such a model. Before any molecular model

is complete, one must choose (by specifying the potential energy func-

tion) which permutations of coordinates of identical atoms are to be

allowed and which are not. (A bad choice may give a model whose pre-

dictions do not agree well with experiment.)

In the model of a “rigid” molecule, one implicitly assumes

that no tunneling takes place. (This assumption is made when one chooses

a Wtential energy function which keeps the atoms near their equilibrium
positions.) The question then arises as to which permutations of coor-

dinates of identical atoms are allowed by this model. The answer is

easily givec. Since the kinetic energy is invaziant under the group P

of all permutations of coordinates of identical atoms, it is the pro-

perties of the potential energy function alone Iulderpermutations of

coordinates of identical atoms which restricts the symmetry of the
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liamiltonianto a subgroup of P. But, by assumption, the potential

energy function V“of a rigid molecule is the most general function of

the internal coordinates {Qv = 1,...,3N-6} which is analytic in the

neighborhood of the equilibrium configuration and Such that:

(i) Equilibrium conditions

av Imuequilibria= 0; (45)

(ii) Invariance conditions

V(LgQIP.. JgQ3N-6) = V(Q1,....Q3N+) # (46)

each g c G. Thus, our problem is to determine the properties of the

function (46)

In order

definition of

the resulting

mutations.

under permutations of coordinates of identical atoms.

to examine the above problem, we require a careful

“permutationsof coordinates of identical particles” aad

properties of the internal coordinates under such per-

Let there be nk identical ator.qof type k labelled by

distinct integers

~l(k)~ a2(k),....ank(k) ~

●nd let the position vectors of these atoms in the laboratory’frame

be the vectors in the set Xk given by

Xk= {ialfi= al(k),...,an (k)}~ (47)
k

whero ;U is the positiun vector of the atom labelled a. A pa?mutation

Pk of the aet of poadtion veotors of the identiual stoma cf type k {e

a mzppfng of Xk on$o Xk. The product of two permutations P~ and Pk

is then the usual composition of mappings. The set of all such mapp-

ingm then forms a group isomorphic to the symmetric gr~up ~k. Index-

ing the ‘types” of identical atoms by k = 1,2,...,m (k~l= N), we

●e~ that PkPkI - PkIPk (k 1 # k) on the set X = U Xk and that each

permutation P: X + X of position vectors of identieal atoms of the

molocule has the form

P-RPk ,
k=l

Consider next

tho linear mapping

Pk c Snk . (48)

the linear mapping Lg defined by Eq. (34). Then

Pg: Y + Y defined by

●ach g c (3 (49)
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identical atoms:
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position vectors (relative to the center of mass)

(50)

Furthermore, the set of permutations which map Y onto Y given by

P(G) = {Pglg E G}

forms a group under composition

P#Pg;a) = Pglg;a .

The action of the group of

{gala = 1,....N} which give the

(51)

of mappings; hence,

(52)

permutations P(G) on the vectors

equilibrium positions relative to the

Eckart frame and the set of displacement vectors {?ala = 1,...,N} is

given respectively by ‘

Observe then that Eq. (52) is also valid when ~a is replaced by ~a

or za.

The following useful properties of the permutations (50) may

also be derived using the definition (49) or (50):

(i) ii (Pgy? ....PgFj - (gii)(;l,....j’j.

(53)

(54)

(55)

This result states that the Eckart frame corresponding to the permuted

position vectors Pg~lt...,Pgy‘N ‘isthe rotation g of the frame F corres-

ponding to the poeition vectors ?l,...,~N.

(ii) P9QU = L9-lQP . (56)

In this relation, PgQD is defined to be the result obtained from Qu

by applying the permutation (50). Thus,

- Lft-lQll●

(iii) Pg/(PgQU) = l?g}gQV= (g-lL
9
,-19)(Lg#u).

(57)

(58)
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This relation may be proved by applying Pgt to the first line of Eq.

(57). ‘rhuS ,

EPgI (PgQP) = S:+6,i [g’(g~i)]*[p9/(pg~a)]~ p9/gQV
ai

x ;a z ;a-1 i-~pg,(Pg?a) = ~= ~+~”9 9 ~+60(g-lL ,-lg)(L -l~a)
a 9 9

= (g-lL ,-19)(Lg-lQd) .
9

We can now state the first important result on the permutation

symmetry of the potential energy function V(Q1,...,Q36)6) of a rigid

molecule: The potentiaZ energy function V(Q1t...,Q36!6! ie invariant

under the group P(G):

V(PgQ1, . ..r ~gQ3N.6) =V(Q ,...,Q1 3N-6) * (59)

each g c G.

Proof. Confer Eqs. (57) and (46).

The second important result relates to the representation

of the group P(G) as a semi-direct product group: The a !tion of eaah

permutation Pg
AAA

c P(G) on the moleoular oooxki<natee (F;Q)~ F = (f1,f2#f3),

Q = (Q1,...~Q36)6) uan be rwpre8entod b~ the ordered pair, Pg - (g, Lg_l)t

(%Lg-l)(F:Q) = (gF; L -IQ) I

9
(60)

uhe~e the nultiplioation rule for pair8 de that of a 8em$-d{reot produat:

(g’, L ( ),-l)(gtL -1) - dgr(g-lll ,+)~~g-l .
9 9 9

(61)

Proof. Confer Eqs. (55) and (58).

It is apparent from the preceding results that it is irrelev-

ant as to which of the two groups L(G) or P(G) (each isomorphic to the

point group G) we use to classify the internal coordinates according to

their transformation properties under the irreducible repreaentationB

of the point group G. In either case, it ia the point group G itnelf

which plays the fundamental r81e, and it is obtained from the static

model of the molecule.

We have not yet encountered the feasible group. Let us now

give ite definition and discuss below ita relation to the groups G, L(G),

and P(G).

——



The feasible group F(G) of a rigid molecule is the union

F(G) = F+(G) ~ F-(G) , (62)

where F+(g) is the subgroup of P(G) defined by

F+(G) = {Pglg c G and det R(g) = + 1} (63)

and F-(G) is the set of operators defined by

F-(G) = {lPglg c G and det R(g) = -1} (64)

in which 1 is the inversion operator on the space R3.

The action of the group F(G) on the internal coordinates is

the same as that of the group P(G), since each of the internal coor-

dinates Qp is invariant under inversion. The action of the two groups

on the Eckart frame is, however, different, since

;&(Pg;? ....P9.N) =!(g;i)(?, ....fN) ,

A
fi(lPg;l,....lPg.N) = - (gii)(jl,...,;N) . (65)

Thus, the action of each element of the feasible g~oup on the Eokart

frame ie alua~e a pure rotation.

Summary. The isomorphic groups L(G), P(G), and F(G) have

the actions on the molecular coordinates (F;Q) given by

F Q

L(G) 9 ‘9
P(G) 9 Lq-l

F(G) gfordetg=+l Lg-l

-gfordetg=-l

Critique. The Hamiltonian N of Eq. (31) [and (32)1 is

invariant under all pure rotations and inversion of R3, and there ie no

apparent reason, in the case of rigid molecules, for introducing the

feaeible group since it occurs already as a subgroup of the group ob-

tained by adjoining 1 to P(G). Thie same criticism applies, of course,

t~ non-rigid molecules: The Hamiltonian for a model of a non-rigid

molecule will be invariant under all rotation-inversions of!the space

R3 am well aa some auhgroup of the group of permutations of the position

vectors of identical particlee [cf. Eq. (48)1, the particular subgroup

being fixed by the properties of the potential energy function which

is chosen for the model, this choice itself being based on physical

considerations. It is therefore difficult to see the advantages of

introducing the feasible group in place of conventional approached,
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I,conclude with some remarks about the point group. Does the

concept of a ‘point group” generalize to non-rigid molecules? Pre-

liminary investigations (Ref. 6) indicate that it does for a class of

such molecules, the key concepts being: (i) a definition of an

appropriate body-fixed frame (or frames); and (ii) the definition of

a 9rouP of transformations leaving the frame invariant.
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